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NOTES

Edited by Ed Scheinerman

Enumerating the Rationals from
Left to Right

S. P. Glasby

Abstract. The rationals can be enumerated using Stern-Brocot sequences SB,,, Calkin-Wilf
sequences CW,, or Farey sequences F,,. We show that the rationals in SB,,, CW,, and F,, can
be computed using very similar second-order linear recurrence relations. (This, incidentally,
obviates the need to compute previous sequences SB;, CW;, F; withi < n.)

1. INTRODUCTION. There are three well-known sequences used to enumerate the
rationals: the Stern-Brocot sequences SB,,, the Calkin-Wilf sequences CW,, and the
Farey sequences JF,. The purpose of this note is to show that all three sequences can
be constructed (left-to-right) using almost identical recurrence relations. The Stern-
Brocot (S-B) and Calkin-Wilf (C-W) sequences give rise to complete binary trees
related to Figure 1. These trees have many beautiful algebraic, combinatorial, com-
putational, and geometric properties [2, 5, 4]. Well-written introductions to the S-B
tree and Farey sequences can be found in [3], and to the C-W tree in [2]. We shall
focus on sequences rather than trees.
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Figure 1. S-B rules (left), and C-W rules (right).

Two fractions § < ¢ are called adjacent if bc — ad = 1. Adjacent fractions are

necessarily reduced, i.e., gcd(a, b) = ged(c,d) = 1. The mediant of % < 5 is Z%;.
A short calculation shows that if § < $ are adjacent, then § < £ < S are pairwise

adjacent (and hence reduced). The sequences SB, are defined recursively: SBy =

[?, %] represents 0 and oo as reduced fractions, and SB,, is computed from SB,_; by
inserting mediants between consecutive fractions. Thus

[0 1 1
SB, = _T’ I, 6] s
01121
562 — _T’ 57 I’ Ia 6] )
(011213231
SB3=_T7§’§9§’T957T1176]7""
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A simple induction shows that |SB,| = 2" + 1. Thus 2"~! mediants are inserted into
SB,_; to form §B,. The C-W sequences are defined using the right rule in Figure 1:

CW,: = }},

om-[17]
on-[1333]

on-[1 223255

A simple induction shows that |CW,| = 2"~!'. Another simple induction (see [2,
p. 360]) shows that the fractions in CW, have the form

b_i1 by by

W, = {_,_,...,_
by b by

j| where N = 2",

and the denominator of a given fraction is the numerator of the succeeding fraction.
Indeed, this property obtains even when the sequences CW1, CW,, CW;, ... are con-
catenated to form

—~ ——
11213231 4 co €1 €2
CWOO:Z L A g A~ A gy ey Ty e = | Ty Ty Ty .
12132314 1 cl € C3
The Farey sequence of order n contains all the reduced fractions f with 0 < p <
¢ < n, in their natural order. Thus

A=[21].

5 (131
5143

Sl T Hi

A standard way to compute F, from JF,_; is to insert mediants between consecutive
fractions of F,_; only when this gives a denominator of size n (see [3, p. 118]). Thus
F, is a subsequence of SB,. The number of reduced fractions f with 1 <a < n is
denoted ¢(n). Counting the nonzero reduced fractions with denominator j, together
with zero, gives | F,| = 1 + Z;zl ¢(j). The mediant rule above implies that consecu-
tive fractions in S5, and F,, are adjacent (see also [3, p. 119]).

2. RECURSIVE RESULTS. It is shown in [3] and [2] that SB = |J;-, SB, and
CWy contain every (reduced) positive rational precisely once. Although SB,,, CW,,,
and F, are defined “top-down” they can be computed from “left to right” via almost
identical recurrence relations. The 2-exponent v, (i) of a positive integer i is defined
by i = 2”@ j, where j is an odd integer.
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Theorem 1. Write SB, = [“;1, L "N*I] where N = 2". Then

17 bo’ by > by-1
a_| = O, ayg = 1, a;, = kid,‘_l —da;_»p for 1 < i< N, (la)
b_1 = 1, b() =n, bl' = kibi—l — bi—2 for 1 Sl < N, (lb)

where k; = 2v,(i) + 1.

Theorem 2. Write

cww=[@,ﬂ,...,“"—“,...}
a ap a;
and
b_y by b by_
Cwnz[_l,_o,_lw,N_Z]
by " by b, by_:

where N = 2", Then the a; and b; can be computed via the recurrence relations

a_| = 0, ap = 1, a; = k,‘ai_] —a;_p for 1 <i < o0, (23)

b_l = 1, b() =n, bi = kibi—l — bi—Z for 1 < i < N, (2b)

where k; = 2v,(i) + 1.

Al A AL Avo
B_y> By’ By’ """ By |

Then the numerators A; and the denominators B; can be computed via the recurrence
relations

Theorem 3. Write the Farey sequence JF,, of ordern as F, = [

A, =0, Ag=1, A= KA — A, forl <i < N, (3a)
B_] = 1, B() =n, Bi = KiBi—l — Bi—2 for 1 fl < N, (3b)

where K; = | %22 | and N = Y, ¢()).

Bi_i
To illustrate Theorem 1, SB34 can be computed from left to right using Table 1.
Note that the numbers k; are the same as the numbers k| generated by the recurrence
ki =1,ky; ;= 1,ky; = k’; + 2 for j > 0. (Proof by induction: k; = kj and k;41 = 1,
kyj = kj+2hold for j > 1 as v,(2j +1) = 0and v,(2j) = v,(j) + 1. Thus k; = k]
foralli > 1.)

Table 1. Computing SI34 from left to right.

i | —-1]0(1]2(3|4(5|6|7|8[9|10|11 |12 |13 | 14|15
a; o(1|1j2|1}3|2(3|1}4|3] 5| 2 31 4] 1
b 11435253413 (2] 3| 1] 2] 1 11 0

i 13151 |3|1}7|1} 3] 1| 5] 1] 3| 1
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Proof of Theorem 1. Our proof uses induction on n. It suffices to prove (la) as the
proof of (1b) is similar (just change the as to bs). Clearly (1a) is true for n = 0 as

SB, = [9, 1]. Assume n > 0 and (1a) is true for SB,_;. Let oL, % “N2-1 be the

1’0 v, b .
fractions in SB,,_;. The way mediants are inserted to create SI3,, is shown in Figure 2.
Dotted lines denote the repetition of a fraction, and dashed lines denote the formation

of a mediant. The repetition of fractions means

arj_y = a}q and by, = b;q for0 < j < N/2, 4)
and the formation of mediants means
ay; = a;;l +a;. and by; = b;;l +b;- for0 < j < N/2. (5)

Certainly the formulas for a_; and qq in (1a) are correct, as SB, starts with (T)’ '

Suppose now that 1 < i < N, and consider the cases when i is even and odd.

Sanl

SB aj-3 @iz aj-1 aj @)t
n byj_3 byj_a byj_1 byj bajy1

Figure 2. Constructing SB,, from SB,_; by inserting mediants.

Case 1. i =2jisevenand j > 1. The following shows that (1a) holds for even i:

kpjarj—1 —azj_o = (kj +2)azj_1 — azj—» as ky; = k; + 2,
= (kj +2)d;_, — (d;_,+d;_)) by (4) and (5),
=kja;_ —a;_,+d)_, canceling @;_,,
induction,
= @aj by (5).

Case2. i =2j 4+ lisoddand j > 1. It follows from k,;; = 1 and (4) and (5) that
k2j+la2j —j_] =dyj —Ayj_1 = (Cl_/]-_] + Cl;) — Cl‘;_l = a‘; = @2j+1,
as desired. This completes the induction on 7. ]

A different (and very interesting) method for computing terms of SB, is given
in [1]. It uses continued fraction expansions and “normalized additive factorizations.”
As the recurrence (1a) is independent of n, the numerators for SB,_; reappear as the
first 2"~! 4+ 1 numerators for S8,,. We now show that (half of) the denominators b; in
SB, reappear (remarkably!) in CVWV,, and the numerators «; also reappear in CW..
Accordingly, we have used the same notation a;, b; in Theorem 2 as in Theorem 1.
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Proof of Theorem 2. Figure 3 shows that the numbers a; must satisfy the recurrence
relation:

6.1 6.2 .
apg=1, axj_ @b aj—1 and ay; @ aj_+a; forj>0. (6)

Define a_; = 0. With this definition (6.1) and (6.2) also hold when j = 0. We shall
now prove, by induction on i, that the formulas for @; in (2a) are correct. This is clear
fori = —1, 0. Now suppose i > 0, and assume the formulas in (2a) hold for all i’ < i.

2

1

\ aj—| aj_j+aj
aj_1+aj aj

3 as J J J

1 2
as 3 as 2 ag 3

Figure 3. C-W tree (left), and C-W rules (right).

CASE 1.7 = 2j where j > 1. Then

kyjarj—y — azj—o = (kj +2)azj—1 — azj— asky; = k; +2,
=(kj+2aj_1 —(aj—>+aj_1) by (6.1) and (6.2),
=kjaj_y —aj_,+a;_; canceling a;_i,
=aj+aj_, by induction on i,
= ayj by (6.1).

CASE 2.i =2j — 1 where j > 1. Then k,;;; = 1, so (6) implies
k2j+1a2j — g1 = dy; —Ayj1 = (aj—l +aj) —dadj_1 =4a; =Ayj41.

This completes the inductive proof of (2a).
The proof of (2b) is now straightforward. The first term bb;ol = % of CW, equals

ag};' where N = 2""!. As CW, is a consecutive subsequence of CW,,, it fol-

lows that ay,; = b; for —1 <i < N. Now ay_; = 1,ay = n, and (2a) implies
that any; = kN+,-aN+,~_1 — AdN+i-2 for 1 < i < N. HOWGVCI', Vz(N + l) = Vz(i) and
kyyi = k; for 1 <i < N. Thus (2b) follows by replacing ay,; with b;, and ky; with
ki,forl1 <i < N. [ |

Theorem 3 is previously known (see Exercise 4.61 in [3, p. 150]). We include
Theorem 3 and its proof both for comparison with Theorems 1 and 2, and for the
reader’s convenience.

Proof of Theorem 3. As the first two fractions of F, are % and % the recurrences

(3a,b) are correct for i = —1, 0. Now suppose 1 <i < N. By definition, %, %,
Aj

and % are consecutive terms in J,. We shall prove that A; = a and B; = b, where

1
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a = K,'A,',l - Ai72 and b = KiBifl - Bifz. We know that Ailei72 - BiflAi72 =1
since consecutive Farey fractions are adjacent. Hence

aBi_1 —bA;_, = (KiAi-1 — Ai)Bioi — (KiBi_1 — Biy) A
=A 1 Bia— B 1A =1 (7

Consider the inequalities 2 ZT’ 1<K; < ﬂ . Multiplying by B;_; and sub-
tracting B; , givesn — B;_; < b <n.1It follows from B <nthat0 < b <n,and it

follows from (7) that 2,{—2 2'_—: - S1nce =L is, by definition, the next fraction in
i— 1—
Ai—q A; a
JF, after ﬁ, we conclude that E <g =%
We must show that %ﬁ = 4. Suppose to the contrary that %j < 4. Then
8.1) 82
1 < aB;—bA; and 1% A;B_, — BiAi_,. 8)

Multiplying (8.1) by B;_1, and (8.2) by b, and then adding gives

n<Bi+b< (@B —bA)Bi_ +b(A;Bi_, — BiAi_)) = (aBi_, —bA;,_)B 2 B;.
This is a contradiction since ’ € F, has B; <n. Hence L= % As both fractions are
reduced (and A;, B;, b > 0), we conclude that A; = a and B; = b, as desired.

3. CONCLUDING REMARKS. The On-Line Encyclopedia of Integer Sequences [6]
has a wealth of useful information about the sequences ay, a;, az, ... (A002487) and

ki, ko, k3, ... (A037227). However, the connection in Theorem 2 between these se-

quences is new. Note that a, counts the number of ways that n can be written as a

sum of powers of 2, each power being used at most twice. For example, a, = 3 as

2 =242=2+1+1.
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